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Under minimal hypotheses, sufficient criteria for a perturbed Dirac system to be
relatively oscillatory or non-oscillatory at ‘ with respect to a reference equation
with periodic coefficients are proved my means of an asymptotic analysis of
generalized Prufer angles. As illustrated by an example, they help decide whether¨
the number of eigenvalues in gaps of the essential spectrum is finite or infinite.
The critical perturbations naturally occur in the partial-wave analysis of spherically
symmetric Dirac operators. Q 2000 Academic Press
INTRODUCTION
Whereas the study of the discrete spectrum of Schrodinger operators¨
with potentials vanishing at ‘, of such fundamental importance in the
application of non-relativistic quantum mechanics to atomic and molecular
physics, is the subject of an extensive literature, general results about the
eigenvalues in the central gap of its relativistic counterpart, the Dirac
operator, under comparable circumstances are much more rare. As the
Dirac operator is unbounded below, one of the central tools of spectral
theory, the study of quadratic forms, is not available. In a first attempt to
w xovercome this difficulty, Birman 1 considered the square of the Dirac
operator, a matrix differential operator similar to the Schrodinger opera-¨
tor, and applied results on the lower spectrum of Schrodinger operators¨
Ž w x. w xsee also 26 ; this method was used by Kurenbin 16 to find criteria for
the finiteness or infinity of the number of eigenvalues in the gap. Hinton
w xet al. 8 refined this method to obtain sharp results and to circumvent the
fundamental disadvantage of this approach, the high regularity require-
ments on the coefficients, in certain situations.
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w x Ž .Tamura 28 studied the asymptotic distribution of the infinitely many
eigenvalues near the edge of the gap for long-range potentials. Another
Ž .asymptotic formula, in the large coupling limit, for the finite number of
w xeigenvalues in the gap for short-range potentials was given by Klaus 12
Ž w x w x.later improved by 2 ; cf. 3 .
In the case of the one-dimensional Schrodinger operator, potentials of¨
asymptotic decay of order ; crr 2 represent a critical case with regard to
the total multiplicity of the discrete spectrum; indeed, by Kneser’s oscilla-
w xtion criterion 15; 7, Chap. XI, Ex. 1.2 the number of eigenvalues below
1the essential spectrum is finite if and only if c ) y . Little appears to be4
known about the occurrence of such critical coupling constants for the
w xDirac system. Klaus 12 considered the example of a potential
c
3y x g RŽ .2< <1 q x
with positive c; using the Birman]Schwinger principle, he proved that the
1gap contains infinitely many eigenvalues if c ) , but only a finite number8
1 w xif c - . Recently, Griesemer and Lutgen 6 obtained an analogous result8
for bounded spherically symmetric potentials using methods for
Sturm]Liouville type equations with a non-linear spectral parameter;
w xhowever, squaring the Dirac operator in the tradition of Birman 1 , they
Žimpose too strong regularity conditions on the potential in their appendix,
.these conditions are relaxed for a partial result .
w xIn 19]21, 24, 25 , Kneser’s oscillation criterion was generalized to study
the discrete spectrum introduced into the spectral gaps of periodic
Sturm]Liouville operators under the influence of a critical perturbation.
¨ w xFor the lower spectrum, Gesztesy and Unal 5 have obtained a corre-
sponding result by means of a factorisation technique; their criterion also
applies in cases where the background potential is not periodic. However,
comprehensive results on perturbed periodic one-dimensional Dirac oper-
w xators do not seem to exist. Khrabustovskiı 11 endeavoured a generalˇ
investigation of the finiteness or infinity of the number of eigenvalues in
gaps of perturbed periodic systems of arbitrary order. Results on the
w x w xasymptotics of solutions can be found in 9, 10 . Recently, Teschl 29 used
generalized oscillation methods to prove an analogue of a theorem by
w xRofe-Beketov 18 , showing that perturbations absolutely integrable after
multiplication by the independent variable leave the essential spectrum
unchanged, and produce only a finite number of eigenvalues in the gaps.
It is the purpose of the present paper to give relative oscillation]non-
oscillation criteria for perturbed periodic Dirac systems at the end-points
of gaps in their essential spectra. In particular, we establish the existence
of critical threshold values for the coupling constants for perturbations of
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decay ; 1rr 2 under minimal hypotheses. It is a curious feature of the
Dirac system that this decay order, in contrast to the Sturm]Liouville case,
Ž .does not draw a sharp line of distinction between the relatively oscilla-
tory and non-oscillatory situations; see Remark after Theorem 2 below.
wIn conjunction with the general methods of oscillation theory 30, Sect.
x16 , the results stated in Section 1 below give information on the finiteness
or otherwise of the number of eigenvalues in the gaps, and also put the
results mentioned above, in which the periodic background potential is
absent, in a new perspective.
In the proofs given in Section 2, we adapt the method of generalized
w xPrufer angles developed in 25 for Sturm]Liouville operators.¨
1. RELATIVE OSCILLATION CRITERIA
w xClassical oscillation theory, as introduced by Sturm 27 , establishes a
relationship between the number of zeros of solutions of a Sturm]Liou-
ville equation for some value of the spectral parameter below its essential
spectrum, and the number of eigenvalues of the associated self-adjoint
operator below that value. The introduction of the Prufer transformation¨
w x17 has put this method of spectral analysis on a broader basis, replacing
the counting of zeros of solutions by the asymptotic analysis of their
associated Prufer angles. Thus oscillation theory can be extended to gaps¨
in the essential spectra of Sturm]Liouville operators, in which case all
solutions have an infinity of zeros, and to more general systems of
w xdifferential equations, such as the Dirac system 30 .
Specifically, let l , l g R, l - l , and uŽ1., uŽ2. be non-trivial R2-val-1 2 1 2
Ž Ž . .ued solutions of the Dirac system Eq. 1 below , considered on an
Ž .interval a, b ; R, with spectral parameters l and l , respectively. Then,1 2
introducing the locally absolutely continuous Prufer angles q and Prufer¨ ¨j
radii D ) 0 byj
cos qjŽ j.  4u s D j g 1, 2 ,Ž .j sin qž /j
Ž .the total spectral multiplicity in the interval l , l is finite if q y q is1 2 2 1
bounded, and infinite if
lim inf q y q d y q y q c s ‘.Ž . Ž . Ž . Ž .2 1 2 1
c“a , d“b
In some cases, the asymptotic growth of the Prufer angle is well known for¨
an unperturbed reference problem, and then it is sufficient to study the
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difference in the oscillation behaviour between the unperturbed and the
perturbed problem in order to obtain information about the latter’s
spectral properties. In particular, this is the case if the reference problem
has a-periodic coefficients. By Floquet theory, the spectrum of the associ-
ated self-adjoint operator is described by the discriminant D, the trace of
Žthe canonical fundamental system after one period: the purely absolutely
.continuous spectrum is the closure of the set of values of the spectral
< < < <parameter with D F 2. The disjoint intervals in which D G 2 are called
instability inter¤als on account of the behaviour of the solutions; following
w x4, proof of Theorem 3.1.2 , it is not difficult to see that for any value of
the spectral parameter in the nth instability interval, n g Z, the Prufer¨
angle of any solution satisfies
np r
q r s q O 1 r “ ‘ .Ž . Ž . Ž .
a
With the asymptotics of the unperturbed problem thus uniform through-
out the spectral gaps, the question of the finiteness or otherwise of the
discrete spectrum of the perturbed problem largely boils down to whether
or not the perturbed equation is relatively oscillatory with respect to the
unperturbed one.
Before we define this concept, we fix the following general hypotheses.
˜ 1Ž . Ž .Let a, b be a real interval, m, l, q, m, l, q g L a, b , and consider˜ ˜ loc
the Dirac systems
yis y9 q ms q ls q q y s l y 1Ž . Ž .2 3 1
˜yis w9 q m q m s q l q l s q q q q w s lw 2Ž . Ž . Ž .Ž .˜ ˜Ž .2 3 1
0 1 0 y i 1 0Ž . Ž . Ž .for some l g R. Here s s , s s , and s s are the Pauli1 2 31 0 i 0 0 y1
matrices.
Ž . 2 Ž .Let q , Q g AC a, b be the Prufer angles of R -valued solutons of 1¨loc
Ž . Ž . Ž . Žand 2 , respectively. We call 2 relati¤ely non-oscillatory w.r.t. 1 at a or
. Ž . Ž .b if Q y q remains bounded, and relati¤ely oscillatory w.r.t. 1 at a or b
< < Ž .if Q y q tends to ‘ in the limit at a or b .
In Section 2, we shall prove the following relative oscillation criteria.
THEOREM 1. In addition to the general hypotheses, with a s 0 and
b s ‘, assume that
ˆm l qˆ ˆ˜m r ; , l r ; , q r ; r “ ‘Ž . Ž . Ž . Ž .˜ ˜2 2 2r r r
ˆwith constants m, l, q g R.ˆ ˆ
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Ž .Let l be an end-point of a non-degenerate instability inter¤al of 1 .0
Ž . ŽThen 2 , with spectral parameter l , is relati¤ely non-oscillatory oscilla-0
ˆ ˆ. Ž . Ž . Ž Ž . .tory w.r.t 1 at ‘ if 4F m, l, q - 1 or 4F m, l, q ) 1, resp. .ˆ ˆ ˆ ˆ
Ž .Here the function F is defined as a gradient of the discriminant of 1 at
l as follows. If we add constant perturbations M, L, Q g R to the0
Ž .coefficients of 1 , the resulting equation
yis u9 q m q M s q l q L s q q q Q u s l u 3Ž . Ž . Ž . Ž .Ž .2 3 1 0
continues to be a-periodic, and its discriminant, evaluated at the fixed
Ž . 3value l , is a real analytic function of the triple M, L, Q g R which we0
denote by D. Then define
1ˆ ˆ< < < < < <F m , l , q [ y m› D 0 q l› D 0 q q› D 0Ž . Ž . Ž .ˆ ˆ ˆ ˆŽ . Ž .1 2 32a
ˆ 3m , l , q g R .ˆ ˆŽ .ž /
< Ž . < < <Note that D 0 s 2, so that D is differentiable at the origin.
ˆŽ .In the borderline case 4F m, l, q s 1, further assumptions on theˆ ˆ
asymptotic remainder of the perturbation are necessary. The following
refinement of Theorem 1 holds in that case.
THEOREM 2. In addition to the hypotheses of Theorem 1, assume
ˆ ˇm m l lˆ ˇ ˜m r ; q , l r ; q ,Ž . Ž .˜ 2 2 2 22 2r rr log r r log rŽ . Ž .
q qˆ ˇ
q r ; q r “ ‘ ,Ž . Ž .˜ 2 22r r log rŽ .
ˆ ˇŽ .where 4F m, l, q s 1, and m, l, q g R.ˆ ˆ ˇ ˇ
Ž . ŽThen 2 , with spectral parameter l , is relati¤ely non-oscillatory oscilla-0
ˇ ˇ. Ž . Ž . Ž Ž . .tory w.r.t. 1 at ‘ if 4F m, l, q - 1 or 4F m, l, q ) 1, resp. .ˇ ˇ ˇ ˇ
Ž .Remark. Denoting by D the discriminant of 1 as a function of the
< <Ž . < < Ž .spectral parameter, we have › D 0 s y D 9 l . Thus, in the special3 0
˜case of a pure potential perturbation, l s m s 0, we obtain the criterion˜
Ž 2 < < Ž .. Ž Ž 2 < < Ž .. .q a r4 D 9 l ) 1 or q a r4 D 9 l ) 1 in the borderline case forˆ ˇ0 0
relative oscillation, which is the exact analogue of the critical constant in
Ž wthe case of a perturbed periodic Sturm]Liouville operator cf. 25, Theo-
˜x.rems 1, 2 . Likewise, if we fix m, l, q, and then multiply all three˜ ˜
perturbation terms by one and the same coupling constant, our theorems
yield a critical threshold value for this coupling constant.
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However, there is an essential difference between the case of the
Sturm]Liouville operator and pure potential perturbations for the Dirac
system on the one hand, and the general perturbed Dirac system on the
other. By the Sturm comparison theorem, the critical perturbation of q
draws a sharp borderline: all subcritical perturbations, i.e., those that stay
below the critical one in absolute value almost everywhere, give rise to
relatively non-oscillatory behaviour, while all supercritical perturbations
produce relatively oscillatory behaviour. In contrast, the comparison theo-
˜rem with regard to perturbations m and l which are multiplied by Pauli˜
matrices is considerably weaker, reflecting the fact that it does no longer
w xmake sense to assign these terms a definite sign 30, Theorem 16.1 .
Consequently, there is no clear-cut boundary between subcritical and
˜supercritical perturbations in the presence of non-zero m or l, and while˜
Theorem 1 still assures relative non-oscillation under arbitrary perturba-
Ž 2 .tions of asymptotic decay o 1rr , there are perturbations decaying to a
slower order even than 1rr 2, under which nevertheless the equation still is
relatively non-oscillatory or there is again a critical coupling constant.
ŽThis has a certain analogue in potential perturbations changing sign; see
w x .13, Theorem 5.1; 31, Example 4 .
To illustrate this peculiarity and to show that it actually occurs in
practice, let us consider the following examples.
Ž .EXAMPLES. 1 Consider the Dirac system
k
 4yis u9 q s q s q q r u s lu , k g Z _ 0 ,Ž .2 3 1ž /r
1 Ž .with a-periodic q g L R , which arises in the partial-wave analysis ofloc
the radially symmetric Dirac operator in R3,
< <yia ? = q b q q ?Ž .
Ž w x.with Dirac matrices a , a , a , b}cf. 30, Appendix to Sect. 1 .1 2 3
kObviously, the angular momentum term s does not have the asymptotic1r
behaviour stipulated in the hypotheses of Theorem 1, but decays much
more slowly}it is not even integrable at infinity. Hence the above theo-
rems are not applicable in this situation as it stands. However, by virtue of
w xa transformation given in 23 , the one-dimensional Dirac operator
d k
yis q s q s q q rŽ .2 3 1dr r
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is unitarily equivalent to the Dirac operator
2d k k
yis q 1 q s q q r qŽ .(2 32 2 2dr r 2 r q kŽ .
d k 2 k 1
s yis q 1 q s q q r q q O r “ ‘ ,Ž . Ž .2 32 2 3ž /ž /dr 2 r 2 r r
d Ž .which, taking yis q s q q r as the unperturbed operator, is of the2 3dr
type considered in Theorems 1 and 2.
At each end-point of the essential spectrum, Theorem 1 yields the
criterion
2
2 2< < < <y k › D 0 q k› D 0 s 2 F k , 0, k ) 1Ž . Ž . Ž .Ž .1 32a
for the perturbed equation to be relatively oscillatory at ‘. If l is the0
Ž . < <Ž . < < Ž .upper lower end of a spectral gap, › D 0 s y D 9 l is invariably3 0
Ž . < <Ž .positive negative ; but › D 0 can have either sign or even vanish,1
< <leaving open a range of possibilities even in the limit of large k . This is in
contrast to the radially periodic Schrodinger operator, where for suffi-¨
ciently large angular momentum, one always has relative non-oscillation at
Žthe upper end and relative oscillation at the lower end of spectral gaps cf.
w x.25 .
Ž .2 The present results shed some new light on existing results in the
absence of a periodic background potential.
w x 3Klaus 12 considered the rotationally symmetric Dirac operator in R ,
c
H s yia ? = q b y .2< <1 q x
Using the Birman]Schwinger principle, he has shown that the operator H
Ž Ž . Ž x w ..with essential spectrum s H s y‘, y1 j 1, ‘ has only finitelye
1Ž .many eigenvalues in the gap if c g 0, , but infinitely many eigenvalues,8
1 1which accumulate at 1, if c ) . The borderline case c s was left open.8 8
The eigenvalue equation for the corresponding family of partial-wave
operators on the half-line
d k c
 4h s yis q s q s y , k g Z _ 0 ,k 2 3 1 2dr r 1 q r
KARL MICHAEL SCHMIDT598
are all non-oscillatory at 0 for all values of the spectral parameter. Indeed,
as the potential is bounded, it suffices to verify this for the systems
k
y 1 q l
r  4u9 s u , k g Z _ 0 , l g R.k 01 y l
r
The two components of any solution u satisfy Sturm]Liouville equations
k 2 " k
2y¤ 0 q ¤ s l y 1 ¤ ,Ž .2r
which are non-oscillatory at 0; hence the Prufer angle of u must be¨
bounded at 0.
In order to study the oscillation at ‘, we consider the unitarily equiva-
lent operator
d c k k 2 1
h ( yis q s y q q s q O ,k 2 3 32 2 2 3ž /dr r 2 r 2 r r
treating both the angular momentum term and the potential as perturba-
dtions of the constant-coefficient operator yis q s . The eigenvalue2 3dr
Žequation associated with the latter has the constant hence trivially peri-
Ž1. 1 Žy1. 0. Ž . Ž .odic solutions u [ and u [ , for spectral parameters l s 100 1
and l s y1, respectively. Following the calculation of F in the second0
Ž .part of the proof of Theorem 1 see Section 2 below , we find
< < 2 < < 2› D 0 s 2a , › D 0 s "2aŽ . Ž .1 3
at l s "1; and thus the condition for relative oscillation reads0
k 2 k
y8 " y c ) 1.ž /ž /2 2
Thus, at the lower end of the gap, l s y1, and for positive c, the0
perturbed equation is always relatively non-oscillatory at ‘. For the upper
end of the gap, l s 1, we obtain the equivalent condition0
k 2 k 1
c ) q q 4Ž .
2 2 8
for the perturbed equation to be relatively oscillatory at ‘. The borderline
Ž 3. Ž 2Ž .2 . Ž .case is supplied by Theorem 2, since O 1rr s o 1rr log r r “ ‘ .
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Viewing these results together and using relative oscillation theory, we
Ž .find that h has infinitely many eigenvalues in the gap if and only if 4k
w xholds; cf. the criterion given by Griesemer and Lutgen 6, Theorem 3 .
By Sturm comparison, this example yields the following more general
result.
 4THEOREM 3. For k g Z _ 0 , consider the partial-wa¤e operator
d k
h s yis q s q s q q r ,Ž .k 2 3 1dr r
1 Ž . Ž .with q g L 0, ‘ such that lim q r s 0, and h is non-oscillatory atloc r “‘ k
0. Then h has infinitely many eigen¤alues in the gap, accumulating at 1, ifk
k k q 1 1Ž .
2lim sup r q r - y q ,Ž . ž /2 8r“‘
or, in the case of equality,
k k q 1 1 1Ž . 22lim sup r q r q q log r - y .Ž . Ž .ž /2 8 2r“‘
Con¤ersely, h has only finitely many eigen¤alues in the gap ifk
2 Ž .lim sup r q r F 0 andr “‘
k k q 1 1Ž .
2lim inf r q r ) y q ,Ž . ž /2 8r“‘
or again, in the case of equality,
k k q 1 1 1Ž . 22lim inf r q r q q log r ) y .Ž . Ž .ž /2 8 2r“‘
12Ž . Ž .Specifically, if q r s ycr 1 q r as in Klaus’ example, and c ) ,8
Ž .then 4 is satisfied in the angular momentum sector k s y1; if, on the
1 Ž .  4other hand, c F , then 4 is false for all k g Z _ 0 . Consequently, the8
1w xspectral gap of H contains at most finitely many eigenvalues if c g 0, 8
1and infinitely many eigenvalues if c ) . This reproduces the result of8
w xKlaus 12 , deciding the borderline case as well.
2. PROOFS
In this section we prove Theorems 1 and 2. The fundamental idea of the
proof is to introduce, in an ansatz combining the variation of constants
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with a modified Prufer transformation, a generalized angle variable g¨
which describes the relative oscillation of an arbitrary R2-valued solution
Ž .of the perturbed Eq. 2 with respect to a fundamental system of the
Ž .unperturbed Eq. 1 . The differential equation for g does not yet clearly
exhibit the critical character of the perturbation; however, using a general-
ization of d’Alembert’s formula to express the second solution of the
Ž .fundamental system in terms of the first Lemma 1 , we are led to a
transformation of the type considered in Lemma 2, which replaces g by an
essentially equivalent variable w. If we choose the first solution of the
Ž . Ž .fundamental system of 1 to be the a- anti- periodic solution which exists
at end-points of instability intervals, the coefficients of the differential
Žequation for w are essentially periodic; by an averaging procedure Pro-
.position 1 it can be replaced by an equation with essentially constant
coefficients. The asymptotic properties of w at ‘ are then readily accessi-
Ž .ble Proposition 2 . Propositions 1 and 2 have served a similar purpose for
w xthe Sturm]Liouville equation in 25 , where their proofs can be found.
1 Žw ..PROPOSITION 1. Let R ) 0, A, B g L R , ‘ be a-periodic, Q g0 loc 0
1 Žw .. Ž . Ž . Ž . w .L R , ‘ , Q r s o 1 r “ ‘ , and w : R , ‘ “ R a locally absolutelyloc 0 0
continuous function satisfying
1
2w9 r s A r cos w r y sin w r cos w rŽ . Ž . Ž . Ž . Ž .Ž
r
1
2q B r q Q r sin w r q OŽ . Ž . Ž .Ž . . 2ž /r
Ž .r “ ‘ . Then the function
rqa1
w r [ w r G RŽ . Ž .H 0a r
Ž . Ž . Ž . Ž .is locally absolutely continuous, w r s w r s o 1 r “ ‘ , and
1
2 2w9 r s A cos w r y sin w r cos w r q B sin w rŽ . Ž . Ž . Ž . Ž .Ž .
r
1
2q R r sin w r q O r “ ‘Ž . Ž . Ž .2ž /r
1 1 1rqa aŽ . Ž . Ž .with R r [ H Q s o r “ ‘ , and constants A [ H A, Br 0a r r a
1 a[ H B.0a
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11 Žw .. Ž . Ž .PROPOSITION 2. Let R ) 0, A, B g R, g g L R , ‘ , g r s o0 loc 0 r
Ž . w .r “ ‘ , and w : R , ‘ “ R locally absolutely continuous such that0
1
2w9 r s A cos w r y sin w r cos w rŽ . Ž . Ž . Ž .Ž
r
2qB sin w r q g r r G R .Ž . Ž . Ž .. 0
< <Then w is bounded if 4 AB - 1 and w tends to ‘ if 4 AB ) 1.
For the proof of Theorem 2, we need a refined version of Proposition 2
Ž w x.for its proof, see 25 .
PROPOSITION 3. Let R ) 0, A, B, C g R such that 4 AB s 1. Let0
w .w : R , ‘ “ R be a locally absolutely continuous function satisfying0
1
2 2w9 r s A cos w r y sin w r cos w r q B sin w rŽ . Ž . Ž . Ž . Ž .žr
C 1
2q sin w r q o r “ ‘ .Ž . Ž .2 2/ ž /log r r log rŽ . Ž .
< <Then w is globally bounded if 4 AC - 1 and w tends to ‘ if 4 AC ) 1.
As indicated above, we shall need the following two lemmas. The first
Ž w Ž .x.generalizes the classical formula of d’Alembert see 7, XI.2 ix for a
second linearly independent solution of a Sturm]Liouville equation in
terms of a given positi¤e solution. For the one-dimensional Schrodinger¨
w xoperator, Rofe-Beketov 20, Lemma 2 has given a generalization of
d’Alembert’s formula which does not require a positive solution to start
w xfrom; he also has a formula for general Hamiltonian systems 22 .
Ž . 2LEMMA 1. Under the general hypotheses on m, l, q, let u : a, b “ R be
Ž . Ž .a nontri¤ial solution of 1 and choose t g a, b . Then0
T
ms q ls u u sŽ .Ž .t 3 1 2¤ t [ 2 y i u t t g a, bŽ . Ž . Ž .Ž .H 4 2ž /< < < <u u tt Ž .0
Ž . Ž .is a second linearly independent solution of 1 . The fundamental system u, ¤
has Wronskian equal to 1.
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LEMMA 2. Let I ; R be an inter¤al, w, f , g : I “ R locally absolutely
continuous functions, f ) 0. Then there is a unique choice of the branches of
arctan in
w s arctan f tan w q gŽ .Ž .˜
such that w is locally absolutely continuous and˜
p p p p
w x g np y , np q m w x g np y , np qŽ . Ž .˜
2 2 2 2
for all n g Z, x g I. Furthermore,
cos2 w˜
2w9 s log f 9 sin w cos w q fg 9 cos w q fw9.Ž .˜ ˜ ˜ ˜ 2cos w
We refer to the transition from w to w as a Kepler transformation, as a˜
Ž .corresponding transformation with g s 0 was used by Kepler in his
w xcalculation of the area of ellipse segments 14, p. 54 .
Now we are ready to prove Theorem 1.
2 Ž .Let u : R “ R be the a- anti- periodic solution of the unperturbed
Ž .Dirac system 1 with spectral parameter l and ¤ the second linearly0
independent solution given by Lemma 1. Furthermore, let w be an
2 Ž .R -valued solution of the perturbed system 2 . Then, denoting by q , q ,1
q Prufer angles, and by D , D , D Prufer radii of w, u, and ¤ , respectively,¨ ¨2 1 2
and introducing generalized Prufer variables a, g through the ansatz¨
Ž .w s a u sin g y ¤ cos g , we find
yD sin q y qŽ .sin g 2 2a s D .ž /ycos g ž /D sin q y qŽ .1 1
Hence,
D p2
tan g s sin q y q tan q y q q q cot q y q .Ž . Ž .2 1 1 2 1ž /ž /D 21
Ž . Ž .As the Wronskian D D sin q y q s 1, and thus cot q y q is locally1 2 2 1 2 1
bounded, Lemma 1 implies
q r s q r q g r q O 1 r “ ‘ ;Ž . Ž . Ž . Ž . Ž .1
Ž . < <therefore the perturbed Eq. 2 is relatively oscillatory at ‘ if g tends to
‘, and it is relatively non-oscillatory if g remains bounded.
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A straightforward calculation shows that
T ˜g 9 s u sin g y ¤ cos g ms q ls q q u sin g y ¤ cos g .Ž . Ž .˜ ˜ž /3 1
Expressing ¤ in terms of u according to Lemma 1 and applying the Kepler
transformation
T
r1 ms q ls u uŽ .Ž .3 1
w r s arctan tan g r y 2 ,Ž . Ž . H 4ž /r < <ž /ut0
we obtain
T1 2 ms q ls u uŽ .Ž .3 1 2w9 r s y sin w cos w y cos wŽ . 4r r < <u
2 Tcos w u ˜q ur tan w y is ms q ls q q˜ ˜ž /2 3 12ž /r < <u
u
= ur tan w y is2 2ž /< <u
1
2 2s A cos w y sin w cos w q B sin wŽ .
r
Q 1
2q sin w q O r “ ‘ , 5Ž . Ž .2ž /r r
where
T
Tms q ls u uŽ .Ž .3 1 ˆA [ y2 and B [ ms q ls q q u uˆ ˆž /ž /3 14< <u
are locally integrable and a-periodic, and
T T2 2˜ ˆQ r [ mr y m s u u q lr y l s u uŽ . Ž . Ž . Ž .Ž .˜ ˆ 3 1
2 < < 2q qr y q u s o 1 r “ ‘ .Ž . Ž .˜ ˆŽ .
Introducing the averages A, B of A and B, Propositions 1 and 2 show
< <that w remains bounded if 4 AB - 1 and that w tends to ‘ if 4 AB ) 1.
ˆŽ .It remains to show that AB s F m, l, q .ˆ ˆ
Ž .To calculate the gradient of D at the origin, denote by X M, L, Q; t
Ž .the fundamental system canonical at t s 0 of the periodic Eq. 3 .
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Ž . 3For a direction M, L, Q g R , let
M
LY [ ? =X 0; ?Ž . 0 0Q
be the corresponding directional derivative of X at the origin; then Y
satisfies the formally differentiated initial value problem,
yl m y q q l0Y 9 s Yž /m q q y l l0
yL M y Q
q X 0, ? ; Y 0 s 0.Ž . Ž .ž /M q Q L
By variation of constants,
yL M y Qt y1Y t s X 0; t X 0; s X 0; s ds;Ž . Ž . Ž . Ž .H ž /M q Q L0
Ž .hence, as D s tr X ?; a ,
M› D 0 q L› D 0 q Q› D 0Ž . Ž . Ž .1 2 3
a yL M y Qy1s tr X 0; a X 0; s X 0; s ds.Ž . Ž . Ž .H ž /ž /M q Q L0
Ž .Now if F [ u, ¤ is the fundamental system considered above, then
Ž . Ž .F s X 0, ? F 0 , and consequently, the integrand is
yL M y Qy1 y1tr F 0 F a F s F s .Ž . Ž . Ž . Ž .ž /ž /M q Q L
On the one hand,
T Ty Pu ¤ y P¤ ¤Ž . Ž .yL M y Qy1F F s ,
T Tž /M q Q L ž /Pu u Pu ¤Ž . Ž .
Ž . Ž .where P [ Ms q Ls q Q; on the other, as u a s "u 0 ,3 1
"1 ¤ a ¤ 0 y ¤ 0 ¤ aŽ . Ž . Ž . Ž .y1 1 2 1 2F 0 F a s ,Ž . Ž . ž /0 "1
and by Lemma 1,
T
a ms q ls u uŽ .Ž .3 1¤ a ¤ 0 y ¤ 0 ¤ a s "2 .Ž . Ž . Ž . Ž . H1 2 1 2 4< <u0
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Hence,
TM a ams q ls u uŽ .Ž .3 1 TL ? D 0 s "2 Pu u.Ž . Ž .H H4< <u 0 0 0Q
Ž . < <Ž .As › D 0 s "› D 0 , this completes the proof of Theorem 1.j j
Ž w x.Remark. The proof of Proposition 2 see 25 shows that in the
relatively oscillatory case,
sgn A 'w r ; 4 AB y 1 log r r “ ‘ ;Ž . Ž .
2
< <Q rŽ .‘if H dr - ‘, then the remainder term is bounded.
r
Ž .To prove Theorem 2, we proceed as above up to Eq. 5 , where we now
have
1 T T 2ˇ < <Q r s m s u u q l s u u q q uŽ . Ž . Ž .ˇ ˇŽ .3 12log rŽ .
1
q o r “ ‘ .Ž .2ž /log rŽ .
Hence, integrating by parts,
rqa rqa1 1 T T 2ˇ < <Q s m s u u q l s u u q q uŽ . Ž .ˇ ˇŽ .H H 3 12a r ra log rŽ .
1
q o 2ž /log rŽ .
Ž .r “ ‘ . Now apply Propositions 1 and 3.
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